We characterize the monomial ideals I ⊂ K[x 1 , . . . , x n ] with the property that the polarization I p and I σ n := the ideal obtained from I by the n-th iterated squarefree operator σ are isomorphic via a permutation of variables. In particular, we give several methods to construct such ideals.
Introduction
Let T = K[x 1 , x 2 , . . .] be the ring of polynomials with countably indeterminates. For any integer n ≥ 1, let T n := K[x 1 , . . . , x n ] be the polynomial ring in n variables. There is a well-known operator on monomial ideals, called polarization, which preserve all the combinatorial and homological properties of these ideals. On the other hand, in the shifting theory, introduced by Kalai [6] , it is used another operator called the squarefree operator which transform an arbitrary monomial u = x i 1 x i 2 · · · x i d ∈ T into a squarefree monomial σ(u) := x i 1 x i 2 +1 · · · x i d +d−1 ∈ T .
Let I ⊂ T n be a monomial ideal with the minimal monomial set of generators G(I) = {u 1 , . . . , u m }. One defines I σ := (σ(u 1 ), . . . , σ(u m )) ⊂ T n+d−1 , where d := deg(I) is the maximal degree of a monomial in G(I). Note that G(I σ ) = {σ(u 1 ), . . . , σ(u m )}. In [2] , a monomial x i 1 · · · x i d ∈ T is called t − spread, if i j − i j−1 ≥ t for 2 ≤ j ≤ d. Also, a monomial ideal I ⊂ T n is called a t-spread monomial ideal, if it is generated by t-spread monomials. In [2, Corollary 1.7] it was proved that the t-fold iterated operator σ t establish a bijection between the monomials of T and the t-spread monomials of T . In particular, given a monomial ideal I ⊂ T n , the ideal I σ t ⊂ T n+t(d−1) is t-spread. In general, the squarefree operator does not preserve any of the homological properties of an ideal I ⊂ T n . For instance, I = (x 2 1 , x 2 2 ) ⊂ T 2 is a monomial complete intersection (c.i.), but I σ = (x 1 x 2 , x 2 x 3 ) ⊂ T 3 is not. However I σ t = (x 1 x t+1 , x 2 x t+2 ) is a c.i. for any t ≥ 2. In Proposition 1.2 we prove that, in general, if I ⊂ T n is a monomial c.i. then I σ t is a monomial c.i. for any t ≥ n. This bound, as the previous example shows, is sharp.
Given a monomial ideal I ⊂ T n , we show in Proposition 1.4 that for any t ≥ n there is a K-algebra monomorphism Φ : T nd → T nt which induce an injection Φ| {x 1 ,...,x nd } : {x 1 , . . . , x nd } → {x 1 , . . . , x nt } such that Φ(I σ n ) = I σ t . Consequently, in Corollary 1.5 we show that I σ t , for t ≥ n, are basically the same, from a homological and combinatorial point of vue. This result yields us to give a closer look to the ideal I σ n and its connections with I. A problem which arise is to find classes of monomial ideals for which the homological and combinatorial properties are preserved when we switch from I to I σ n . Since the polarization preserve those properties, it is natural to ask when I p and I σ n are essentially the same, i.e. they can be transformed one in another through a permutation of variables.
Given a monomial u = x a 1 1 . . . x an n ∈ T n , we consider the polarization of u to be
We say that a set of monomials M ⊂ T n with deg(u) ≤ d, for any u ∈ M, is smoothly spreadable if there exists a permutation τ on {1, 2, . . . , nd} with τ (j) − j ≡ 0(mod n) such that the K-algebra isomorphism Φ : T nd → T nd , Φ(x j ) := x τ (j) , has the property Φ(σ n (u)) = u p , for any u ∈ M. We say that a monomial ideal I ⊂ T n is smoothly spreadable if G(I) is smoothly spreadable.
In Proposition 1.9 we prove that if I ⊂ T n is a smoothly spreadable monomial ideal and if v ∈ T n ′ is a monomial with the support in {x n+1 , . . . , x n ′ }, then the ideal J = (I, v) ⊂ T n ′ is smoothly spreadable. As a consequence, any monomial c.i. is smoothly spreadable, see Corollary 1.10. In Proposition 1.11 we prove that if I = (x
In Proposition 1.12, we show that if d 1 , . . . , d k satisfy certain condition and I is smoothly spreadable, then J is smoothly spreadable. Given M = {u 1 , . . . , u m } ∈ T n a set of monomial with deg(
′ are smoothly spreadable, we show that the set {u 1 v 1 , . . . , u m v m } is smoothly spreadable, see Proposition 1.13.
The main result of our paper is Theorem 1.15, where we give a combinatorial characterization for smoothly spreadable ideals. Let M = {u 1 , . . . , u m } ⊂ T n be a set of monomials,
We prove that M is smoothly spreadable if and only if for any 1 ≤ i < ℓ ≤ m and 1 ≤ j ≤ n we have that
We conclude our paper with a list of examples, see Example 1.16.
Main results
Let T := K[x 1 , x 2 , . . .] be the ring of polynomials with countably indeterminates and let Mon(T ) the set of monomials of T . Let u ∈ Mon(T ) and write
Note that any monomial is 0-spread, while the squarefree monomials are 1-spread. The squarefree operator, σ : Given an integer t ≥ 0, let Mon(T, t) be the set of t-spread monomials. According to [2, Lemma 1.6], the restriction map σ : Mon(T, t) → Mon(T, t + 1) is bijective. Consequently, the iterated map σ t : Mon(T ) → Mon(T, t) is also bijective.
For any integer n ≥ 1, we denote T n := K[x 1 , . . . , x n ], the ring of polynomials in n indeterminates. Let 0 = I ⊂ T n be a monomial ideal. We denote deg(I) := max{deg(u) : u ∈ G(I)}, the maximal degree of a minimal monomial generator of I.
The ideal I σ ⊂ T n+d−1 is the ideal generated by σ(u) with u ∈ G(I), see [2, Definition 1.8]. Equivalently, we have that G(I σ ) = {σ(u) : u ∈ G(I)}.
For any t ≥ 1, u ∈ T n a monomial and I ⊂ T n a monomial ideal, we define recursively
In the following, for t ≥ n, we will consider I σ t as an ideal in T td .
Lemma 1.1. Let u, v ∈ T n be two monomials and let t ≥ n be an integer.
By our assumptions, it follows that
Proof. Assume that G(I) = {u 1 , . . . , u m }. If m = 1 then there is nothing to prove. Assume m ≥ 2. It is well known that I is a complete intersection if and only if gcd(u i , u j ) = 1, (∀)i = j. The conclusion follows from Lemma 1.1.
, we studied monomial ideals of the form
Here, we want to note that
. Let t ≥ n be an integer. We consider the K-algebra map defined by
It holds that
Proof. Assume G(I) = {u 1 , . . . , u m }. As in the proof of Lemma 1.1, we can write
It follows that
where ϕ was defined above.
Corollary 1.5. We have that
Proof. (1) and (2) follows from Proposition 1.4. Given a monomial u ∈ T n , u = x
Let I ⊂ T n be a monomial ideal with deg(I) = d. . The polarization of I is the ideal
Remark 1.6. Proposition 1.4 and Corollary 1.5 show that, given a monomial ideal I ⊂ T n with deg(I) = d, the operator σ could produce, by iteration, something essentially different only up to the n-th step. Also, it is important to study the relation between I and I σ n . From Proposition 1.2, if I ⊂ T n is a monomial complete intersection (c.i.) then I σ n ⊂ T nd is also c.i. However, the converse is not true. For instance I = (x 2 1 x 2 , x 2 2 ) ⊂ T 2 is not a c.i. but I σ 2 = (x 1 x 3 x 6 , x 2 x 4 ) ⊂ T 6 is. Since I σ n is a square-free monomial ideal, a question which arise naturally is to characterize the monomial ideals I ⊂ T n with the property that I σ n and I p are essentially the same, i.e. they are isomorphic via a permutation of variables. 
We say that M is smoothly spreadable if there exists a permutation τ : {1, 2, . . . , nd} → {1, 2, . . . , nd} with τ (j) − j ≡ 0(modn), (∀)1 ≤ j ≤ nd, such that the K-algebra isomorphism
Let I ⊂ T n be a monomial ideal with deg(I) = d. We say that I is smoothly spreadable if the set G(I) is smoothly spreadable. In particular, we have Φ(I σ n ) = I p . Proposition 1.8. Let I ⊂ T n is a monomial ideal with deg(I) = d. If I is smoothly spreadable, then for any t ≥ n we have (1) depth(T td /I σ t ) = depth(T n /I) + td − n.
(2) sdepth(T td /I σ t ) = sdepth(T n /I) + td − n. For any monomial u ∈ T , the support of u is supp(u) := {x j : x j |u}. Proposition 1.9. Let 1 ≤ n < n ′ be two integers. Let I ⊂ T n be a monomial ideal and let Proof. Assume that I is smoothly spreadable. Let τ : {1, 2, . . . , nd} → {1, 2, . . . , nd}, Φ :
and
For any 1 ≤ j ≤ n ′ − n, we define the bijection
σ j ((a n+1 + · · · + a n+j − 1)n ′ + n + j) = (a n+j − 1)n ′ + n + j, with the property
We define
where ψ(j, n ′ ) := j n ′ · n + j and ϕ(j, n) := j n · n ′ + j. We let
From the definition of σ j and Φ ′ , it follows by straightforward computations that
We claim that Φ ′ (σ n ′ (u)) = u p ′ . Indeed, we have that
as required. Now, assume that J is smoothly spreadable. Let Φ ′ :
and Φ : 
The ideal I := (x
We define λ : {1, 2, . . . , d} → {1, 2, . . . , d} as follows:
and so on. We also define λ(1) = b m + 1, . . . , λ(a m ) = b m + a m . Note that λ is a permutation on the set {1, . . . , d}. We consider the K-algebra isomorphism
.
By straightforward computations, we get Φ(
From Definition 1.7, there exists the permutations τ : {1, 2, . . . , nd} → {1, 2, . . . , nd}, τ ′ :
By straightforward computations, we get
If {u, v} is smoothly spreadable, then for any 1 ≤ j ≤ n:
Proof. Let τ : {1, 2, . . . , nd} → {1, 2, . . . , nd} and Φ : T nd → T nd , Φ(x j ) = x τ (j) , as in Definition 1.7, such that Φ(σ n (u)) = u p and Φ(σ n (v)) = v p . For any 1 ≤ j ≤ n, denote A j := (a 1 + · · · + a j−1 )n, B j := (b 1 + · · · + b j−1 )n. It follows that τ ({A j + j, A j + n + j, . . . , A j + (a j − 1)n + j}) = {j, j + n, . . . , j + (a j − 1)n}, τ ({B j + j, B j + n + j, . . . , B j + (b j − 1)n + j}) = {j, j + n, . . . , j + (b j − 1)n}.
As τ is a bijection, we get the required result. (1) M is smoothly spreadable.
(2) For any 1 ≤ i < ℓ ≤ m and 1 ≤ j ≤ n we have that
Proof. (1) ⇒ (2) If |M| = 1 then there is nothing to prove. Assume m ≥ 2 and let 1 ≤ i < ℓ ≤ m. Since M is smoothly spreadable, then the set {u i , u ℓ } is also. Now apply Lemma 1.14.
(2) ⇒ (1) We use induction on n ≥ 1. If n = 1, then there is nothing to prove. Assume n ≥ 2 and, for each 1 ≤ i ≤ m, let u ′ i be the monomial in T n−1 obtained from u i by replacing x n with 1, i.e.
hence, by induction hypothesis,
Without loss of generality, we can assume that there exists 1 ≤ p ≤ m such that x n |u 1 , . . . , x n |u p , x n ∤ u p+1 , . . . , x n ∤ u m and deg(u
, then α i > α ℓ and α i + a in > α ℓ + a ℓn , therefore we have |{α i n, (α i + 1)n, . . . , (α i + a in − 1)n} ∩ {α ℓ n, (α ℓ + 1)n, . . . , (α ℓ + a ℓn − 1)n}| < min{a in , a ℓn }, a contradiction. By reordering u 1 , . . . , u p we can assume that deg(u 1 ) ≥ . . . ≥ deg(u p ).
We use a similar argument with the one from the proof of Proposition 1.11. We let λ : {1, 2, . . . , d} → {1, 2, . . . , d}, λ(α 1 + 1) = 1, λ(α 1 + 2) = 2, . . . , λ(α 1 + a 1n ) = a 1n , λ(α 2 +1) = a 1n +1, . . . , λ(α 1 ) = a 1n +α 1 −α 2 , λ(α 1 +a 1n +1) = a 1n +α 1 −α 2 +1, . . . , λ(α 2 +a 2n ) = a 2n , λ(α 3 +1) = a 2n +1, . . . , λ(α 2 ) = a 2n +α 2 −α 3 , λ(α 2 +a 2n +1) = a 2n +α 2 −α 3 +1, . . . , λ(α 3 +a 3n ) = a 3n , and so on. We also define λ(1) = a np + 1, λ(2) = a np + 2, . . . , λ(α p ) = a np + α p and λ(j) = j for j > deg(u p ). We define τ : {1, 2, . . . , nd} → {1, 2, . . . , nd} as follows:
τ (j) := ϕ(τ ′ (ψ(j, n)), n − 1), j ≡ 1, . . . , n − 1(modn) 0, j ≡ 0(modn) , where ψ(j, n) := j n · (n − 1) + j and ϕ(j, n − 1) := j n−1 · n + j. We let Φ : T nd → T nd , Φ(x j ) := x τ (j) . As in the proof of Proposition 1.13, by straightforward computations, we get Φ(σ n (u i )) = u 1 , x 2 x 3 ) ⊂ T 3 . Note that I is a complete intersection, but I σ = (x 1 x 2 x 3 , x 2 x 4 ) and I σ 2 = (x 1 x 3 x 5 , x 2 x 5 ) are not. On the other hand, for any t ≥ 3, I σ t = (x 1 x t+1 x 2t+1 , x 2 x 3+t ) is a complete intersection.
(2) Let I = (x 2 1 x 2 , x 2 2 ) ⊂ T 2 . We have that I σ t = (x 1 x 1+t x 2+2t , x 2 x 2+t ), (∀)t ≥ 1, hence I, I σ are not complete intersection, but I σ t is a complete intersection for any t ≥ 2.
(3) Let I = (x 3 1 x 2 x 2 3 , x 1 x 2 2 x 3 3 ). We have I σ 3 = (x 1 x 4 x 7 x 11 x 15 x 18 , x 1 x 5 x 8 x 12 x 15 x 18 ) and I p = (x 1 x 2 x 3 x 4 x 6 x 9 , x 1 x 2 x 3 x 5 x 6 x 9 ), hence T 18 /I σ 3 is not isomorphic with T 18 /I p .
